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a b s t r a c t

The problem of a penny-shaped tensile crack in a continuously-inhomogeneous space is considered. The
problem reduces to a dual integral equation for which an approximate analytical solution is constructed.
It is proved that the approximate solution of the integral equation is asymptotically exact for both small
and large values of the dimensionless geometric parameter of the problem. The accuracy of the solution
obtained is investigated. Expressions are presented for the stress intensity factor, the energy of the open-
ing of the crack, the displacements of its sides and the normal components of the stress tensor in the
neighbourhood of its contour. In the numerical analysis of the solution of the problem, special attention
is paid to analysing of the problem when the first derivative of the change in the elastic properties of the
material changes sign.

© 2010 Elsevier Ltd. All rights reserved.

A large number of papers have been published in which problems in crack theory are considered for inhomogeneous materials. Cases
when the gradient of the change in the properties of the material does not change sign have been investigated and, in most of the papers,
inhomogeneity laws are considered when the variable shear modulus or Poisson’s ratio vanishes or becomes infinite at at least one point
of the body.

The majority of papers are concerned with plane or antiplane crack problems. For instance, crack problems in an inhomogeneous plane
have been considered for linear,1 power,2 hyperbolic,2,3 and exponential,4–6 Lamé coefficient relations as well as for certain other cases.7,8

A lesser number of papers have dealt with penny-shaped crack problems. The classical problem for a penny-shaped crack in a homo-
geneous, isotropic, elastic medium was investigated for the first time by Sneddon9 using the method of dual integral equations and by
Sack10 who used spherical harmonic functions. The problem has been considered for two-layer materials.11–15 It has been treated16,17

under the assumption that Poisson’s ratio of an elastic material is constant and the shear modulus (or Young’s modulus) varies as a power
or exponential law. The situation when Young’s modulus or the shear modulus in a material vanishes or becomes infinite is physically
unreal. In reality, Young’s modulus (or the shear modulus) may vary from point to point, changing from one finite value to another, and is
non-zero at infinity.

Crack problems in a continuously inhomogeneous elastic medium have been considered.6,18 A Griffith crack problem in an isotropic
elastic medium with a shear modulus that varies with the distance to the plane of the crack has been investigated.18 A class of problems
for a plane crack on the interface of inhomogeneous elastic media under the action of an internal pressure has been investigated.19 The
effect of a change in the properties of a material on the specific features of the development of a transverse shear crack as a function of
the spatial variables was investigated numerically in Ref. 20. The eigenvalue scheme, which is used to investigate homogeneous materials,
has been modified with the aim of taking account of the change in the properties of a material in a direction which is symmetrical about
the plane of the crack.

Layers with a continuous variation in properties have been considered.21 An estimate of the bonds with such layers and the optimization
of the condition for gluing them together was based by the authors on an analysis of the stresses and, in the case of the development of
a crack, on an analysis of the stress intensity factor (SIF). The SIFs in continuously-inhomogeneous materials were calculated for several
special cases.

Whereas, in homogeneous materials the SIF is a function of the size and curvature of the contour of the plane crack, the applied
mechanical load and/or thermal action, in continuously inhomogeneous materials the SIF additionally depends on the change in Young’s
modulus of the component parts of the material. The first results for the solution of the crack problem in an inhomogeneous material using
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a weighting function were obtained by Fett and Munz.22 An axisymmetric problem was considered23 for a penny-shaped crack located
in a plane which is the boundary for two similar elastic inhomogeneous half-spaces with a continuous elastic surface inhomogeneity, the
shear modulus of each of which varies as G(z) = G1 + G2e±zς . The solution of the equilibrium equations for this type of inhomogeneity was
found using Hankel transforms. The problem was reduced to a Fredholm equation of the second kind which was solved numerically. The
effect of the amplitude of the opening of a crack on the SIF in the neighbourhood of its contour was investigated.

The present investigation is close in its formulation of the problem to those in Refs 24–26 in which plane problems in crack theory were
considered for piecewise-homogeneous materials. Unlike in these papers, a penny-shaped crack problem in a continuously inhomogeneous
material is considered below in the case of an arbitrary variation of the elastic properties (special attention is given to the case when the
gradient of the change in the properties of the material changes sign). A method, proposed earlier,27 is developed to solve it.

A special case of a model of an inhomogeneous medium, investigated in this paper, has been treated28,29 under the assumption that
the shear modulus of the medium is constant and Poisson’s ratio varies in an arbitrary way with distance from the plane of the crack. The
investigation was based on the fact that, in this case, the transform of the kernel of the dual integral equation of the crack problem can
be successfully constructed in an explicit form. Note that, by virtue of the physical constraints, Poisson’s ratio can only vary over a range
from −1 to 1/2. This means that such a model of a medium is weakly innhomogeneous. The solution of the dual integral equation was
constructed numerically28,29 and, for this type of integral equations, the numerical solution is effective over a narrow range of values of
the characteristic geometric parameter close to unity, for which the examples are considered.

1. Formulation of the boundary value problem and some properties of the transform of the kernel of the dual integral equation

An axially static problem is considered for a penny-shaped crack of normal separation in an elastic inhomogeneous isotropic space. The
cylindrical system of coordinates (r, �, z) is associated with the space. A crack of radius R is located in the z = 0 plane and its centre coincides
with the origin of the coordinates.

Young’s modulus in the space is an arbitrary continuous (or piecewise-continuous) symmetric function of the distance from the plane
of the crack (z = 0):

(1.1)

and the conditions

(1.2)

are satisfied. Here, G(z) is the shear modulus, �(z) and M(z) are Lamé coefficients and �(z) is Poisson’s ratio of the inhomogeneous space.
The sides of the crack are loaded from within by a distributed pressure p(r). When account is taken of the symmetry of the elastic properties
of the material and the loading conditions with respect to the plane in which the crack is located, we arrive at the following mixed boundary
value problem for the half-space z≥0. The condition

(1.3)

holds on the boundary z = 0. We will assume that, when |z| = H, the conditions for matching the strains and stresses are satisfied and that
the stresses and strains tend to zero at infinity.

It has been established30 that, when conditions (1.2) are satisfied, the following relation between the normal displacements �z and the
normal strains w(r) of the surface of the half-space (z = 0) holds in the case of a continuously inhomogeneous medium

(1.4)

Here,

The function L(�) is found numerically by the method of modulating functions30 and possesses the following properties30,31 when
conditions (1.1) and (1.2) are satisfied

(1.5)

(1.6)

Here, A = lim
|z|→∞

�(0)/�(z), B, D are certain constants. Note that the relations

(1.7)
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(1.8)

hold in the case of a multilayer packet. Here h1 is the thickness of the upper elastic layer, and Ei and �i are the values of Young’s modulus
and Poisson’s ratio in the i-th layer.

Expressions (1.6) and (1.8) differ in the nature of the behaviour of the second term of the expansion when � → ∞. The difference in the
properties of the solutions of the integral equations for continuously inhomogeneous and multilayer media result from this.31 Properties
(1.5) and (1.7) indicate that the value of L(0) is independent of how the Lamé coefficients change in the interval from z = −H to z = H and
is solely determined by their values at z = 0 and |z| = H. This has been noted earlier in the case of a multilayer medium.32 We will use an
approach described earlier (Ref. 33, pp. 58–59). Using the methods of operational calculus and taking account of condition (1.3), relation
(1.4) can be rewritten in the form

(1.9)

The function �(r) describes the shape of the crack in the plane. The natural conditions for the closing of the sides of the crack

(1.10)

hold. We assume that the function �(r) can be extended in an even manner and that

(1.11)

2. Some auxiliary transforms

Integrating by parts and using condition (1.10), Eq. (1.9) can be written in a somewhat different form and it can be concluded that, if
the displacements of the sides of the crack are known, the normal stresses in the plane of the crack on its continuation are given by the
expression

(2.1)

We act on the right-hand and left-hand sides of equality (2.1) with the operator

and change to dimensionless variables, introducing the notation

We will hence forth omit the prime. Finally, the problem reduced to solving of the integral equation

(2.2)

We now introduce the notation

(2.3)

Taking account of the fact that �(r) = 0 when r > 1 and, consequently, �′(r) = 0 when r > 1, we have, on the basis of the properties of the
Hankel transforms,

(2.4)
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Using relations (2.2)–(2.4), we obtain the dual integral equation (DIE)

(2.5)

If the function �1(�) is found, then �(r) can be determined using the following relations

(2.6)

(condition (1.10) has been used).
Since the problem considered is axisymmetric, the condition

holds. Consequently, the function p*(r) is odd and can be expanded in a Dini–Bessel series (Ref. 34, p. 206)

(2.7)

Here, �1, �2,. . . are the positive roots of the equation

arranged in increasing order, �/�+1 > 0, � and � are given real numbers and M1(−1,1) is a certain constant.

3. Description of the bilaterally asymptotic method of solving the dual integral equation

Definition 1. The function F(	) belongs to the class �N (to the class �M or SN, M) if it has the form

(3.1)

(3.2)

respectively. Here, ai,

(3.3)

respectively. Here, ai, bi (i = 1,2,. . .,N), ck, dk (k = 1,2,. . .,M) are certain constants such that (ai − ak)(bi − bk) /= 1 when i /= k.
We now consider the transform of the kernel L−1(�
) = F(
�) of the DIE (2.5). The function F(
�) possesses the properties (1.5) and (1.6),

and A = �(|H|)/�(0). It is well known35 that, if a function possesses the properties (1.5) and (1.6), it can be approximated by expressions of
the form

(3.4)

Below, we shall also denote the integral operator, which corresponds to the function F(
�) and belongs to the class X, by X.
Using approximation (3.4), we rewrite DIE (2.5) in the operator form

(3.5)

The operator �N corresponds to DIE (2.5) of the function F(
�) of the form (3.1) and �∞ to the function F(
�) of the form of (3.2).

Theorem 1. (Ref. 35). If p*(x) is an odd function such that representation (2.7) holds, the operator �N is invertible and the estimate
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(3.6)

holds.

In the general case, the following assertion is applicable to Eq. (3.5).

Theorem 2. (Refs 23 and 24). When conditions (1.2) are satisfied, Eq. (2.5) is uniquely solvable in the space C(0)−
1/2 (−1, 1) for the functions p*(x)

which have the representation (2.7) when 0 < 
 < 
* and 
 > 
0, where 
* and 
0 are certain fixed values of 
. At the same time, the estimate

(3.7)

holds.

It follows from the results obtained earlier36,37 that, when 
 → 0 and 
 → ∞, the operator
∏−1

N ˙∞ of Eq. (3.5) is a contraction operator.38

In other words, the analytical solution of this equation will be bilaterally asymptotically exact when 
 → 0 and 
 → ∞. In this case, the
error in the approximate solution does not exceed the error in approximating the functions F(
�) by functions of the class �N. Note that
the fact that there are no analytical solutions for problems in the theory of cracks in continuously inhomogeneous media has been pointed
out in Ref. 39.

4. Closed solution of an auxiliary dual integral equation

Consider the operators

(4.1)

(4.2)

Acting on the first equation of (2.5) with the operator (4.1) and on the second equation with the operator (4.2), we obtain the DIE:

(4.3)

Suppose the function F(
�) has the form (3.1)

(4.4)

Using the methods of the operational calculus in a similar way to the approach described earlier,35 it is easy to obtain the general
solution of DIE (4.3).

Finally, for the displacements of the sides of the cracks we obtain

(4.5)

The constants Ci are determined from the following system of linear algebraic equations

(4.6)

In the special case when a uniform pressure is applied within the crack, the displacement of the sides of the crack is determined using
formula (4.5) when �∞(r) = 0.
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We now transform expression (2.1) representing the normal stresses in the plane of the crack. Using the first relation of (2.6), we have

and, after elementary reduction, we obtain

(4.7)

Using expression (4.7), we find the normal stress intensity factor

(4.8)

We now determine the energy of opening the crack in the case of a uniform internal pressure39

(4.9)

(expression (4.5) when �∞(r) = 0 has been used).

5. Numerical results

We will now consider a penny-shaped crack in a space in the case when the pressure within the crack is uniformly distributed and is
of unit intensity. Poisson’s ratio �=1/3, 0 ≤ |z| < ∞. We will consider the following laws of inhomogeneity (see formula (1.1) and Fig. 1)

(5.1)

The ratio of the transformants Fn(�) to the transformant F0(�) is shown in Fig. 2 for a homogeneous material (the number of a curve
corresponds to the number of the law of inhomogeneity (5.1)). As a result of direct calculations, it was established that the relative error
in approximating the kernel transformant function FN(�), constructed numerically, and the function Fn(�) calculated using formula (3.1)

Fig. 1.



238 S.M. Aizikovich et al. / Journal of Applied Mathematics and Mechanics 74 (2010) 232–240

Fig. 2.

Fig. 3.

does not exceed 2–3% in the case of monotonic laws of innhomogeneity. In the case when the first derivative of the function describing the
elastic properties of the medium changes sign an in inhomogeneous layer, the error of approximation does not exceed 5.5%. Consequently,
on the basis of Theorem 2, the error in the approximate results obtained does not exceed the error in approximating the functions Fn(�)
by functions of the class �N.

The relative values of the normal stress intensity factors Kn/K0 are shown in Fig. 3 as a function of the reduced size of the crack 
−1 for
different of forms of inhomogeneity. The values of the normal stress intensity factors Kn(
−1) were calculated using formula (4.8) for the
different inhomogeneity laws (5.1). K0 is the normal stress intensity factor in a homogeneous space. The number of a curve corresponds
to the number of the inhomogeneity law (5.1).

The change in the normal stress intensity factors Km/K0 is shown in Fig. 4 as a function of 
−1 for different values of m in a representation
for the inhomogeneities f5(z) and f6(z) of the form

(5.2)

where m is the ratio of Young’s modulus on the free surface of the crack E0 and the maximum (minimum) Young’s modulus inside the
inhomogeneous layer E(±0.5) (see Fig. 1). These representations simulate the case of the continuous alternation of layers of different
stiffness within the inhomogeneous material. In particular, an elementary smooth function f5(z) was chosen for Young’s modulus, the
derivative of which changes sign in the neighbourhood of the crack and the function f6(z) which is symmetric to it with respect to E0 = 1. In
Fig. 4, the three upper curves correspond an inhomogeneity of the form of f6(z) and the three lower curves to f5(z). The number of a curve
corresponds to the value of m from (5.2). It should be noted that a value of m = 3.5 corresponds to the fifth and sixth curves (n = 5, n = 6) in
Fig. 3.

The dependence of the relative energy of opening the crack on 
−1 is shown in Fig. 5 for inhomogeneity laws (5.1). It is clear that, if
the first derivative of the inhomogeneity law changes sign, crack sizes exist for which their development takes place without the influx of
additional energy.
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Fig. 4.

Fig. 5.

The fact that the solution in the form of (4.9), as well as the quantities represented by the corresponding curves, are of an asymptotically
exact character both when 
 → 0 and when 
 → ∞ is illustrated numerically in Figs. 3–5.
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